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We demonstrate the existence of Batchelor’s viscous-convective subrange using direct numerical
simulation(DNS) results to confirm the logarithmic dependence of the scalar structure function on
the separation for the scalar field generated by stationary isotropic turbulence acting on a uniform

mean scalar gradient. From these data we estimate the Batchelor ccﬁw@eﬁnt By integrating a
piecewise continuous representation of the scalar variance spectrum we calculate the steady-state
scalar variance as a function of Reynolds number and Schmidt number. Comparison with DNS
results confirms the Reé behavior predicted from the spectral integration, but with a coefficient
about 60% too small. In the large Reynolds number limit the data give a value of 2.5 for the
mechanical-to-scalar time scale ratio. The dependence of the data for the scalar variance on Schmidt
number agrees very well with the spectral integration using the values of the Batchelor constant
estimated from the structure function. We also carry out an exact Lagrangian analysis of the scalar
variance and structure function, explicitly relating the Batchelor constant to the Lyapunov exponent
for the separation of pairs of fluid particles within the turbulence dissipation subrange. Our results,
particularly for the scalar variance, illustrate explicitly the singular nature of the zero diffusivity
limit. For finite values of the Schmidt number and Reynolds number the viscous-convective
subrange contribution to the variance can be significant even at moderate values of the Reynolds
number. ©2004 American Institute of Physid®Ol: 10.1063/1.1780550

I. INTRODUCTION = - _
B(K) = Box(vle) A, mt<k< g, 1)

There has recently been much renewed intéfést the  where is the spectral density in a spherical shell of radius
statistics of the scalar concentration in turbulence for highk, k is the wave number magnitudg,is the rate of dissipa-
values of the Schmidt number Se#x, wherev is the kine-  tion of scalar variances is the rate of dissipation of turbu-
matic viscosity andk is the scalar diffusivity. Partly this is |ence kinetic energy, and the constafi?},t is known as the
due to the practical importance of the mixing processes asBatchelor constant. The extent of the viscous-convective
sociated with high Schmidt number scalars in turbulence irsubrange is limited at large scales by the Kolmogorov length
the ocean and in laboratory tracer studi®s?1t is also due ~ scalep=(v*/e)* and at small scales by the Batchelor scale
to the conflicting experimental evidence for the existence of7s=7SC 2. Batchelor's derivation was essentially
Batchelor'd® classicalk! viscous-convective subrange in Euleriart® although, the underlying idea involving an ap-
the scalar spectrujr?f” and the potential for direct numeri- proximate treatment of the straining experienced by a small

cal simulations to provide unambiguous confirmation of thlsbIOb of scalar_ as i moves_along its turbulent trajectory

T : o . ) through the fluid, is Lagrangian. Subsequent treatnigfits

k™ scaling. Finally it is due to a fundamental interest in the. S Y . -
improved on the approximation and various authbrs

influence of the small scale structure of the turbulence on the .\« Jhiained thet spectrum using two-point turbulence

transport and distortion of a scalar trace matefitd. this  cjosure theories. Estimates for the Batchelor constant range
paper we revisit the classical results of Batchelor from bothyom to 0.9° to 9.5

Eulerian and fully Lagrangian descriptions. As noted by Batcheld?® Eq. (1) can be derived on di-
Written out fully, Batchelor’$® result for the scalar vari- mensional grounds if the primary effect of convection on the
ance spectrum in the viscous-convective subrange is fluctuating concentratio® on scales smaller than the Kol-

mogorov scale is a uniform straining rate of ordefv)?,
although then the constant remains undetermined. The corre-

IAuthor to whom correspondence should be addressed. Electronic maifPonding _dimenSional argument applied to the scalar struc-
brian.sawford@eng.monash.edu.au ture function((A,0)%)=([68(x+r)-6(x)]?) leads to the con-
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clusion that((A,6)?) is independent of the separatitnr'ri”24 nent and Cartesian tensor notatiqmsy,z) and (X;,Xy,X3).
However, the behavior of the structure function in theThere is now much evidence that such a scalar field is not
viscous-convective subrange is actually more complex andsotropic, but for the second-order statistics that are of inter-
as shown by Batchelor, has a logarithmic dependence on thest here the departure from isotropy is relatively srifait-

separation Here we assume isotropy and in order to minimize any ef-
5 ~ o fects of anisotropy in the data we present, we average over
((Ar0)%) = 2Byx(vle) "< In(rlmg), mg<r < 7. (2)  the three Cartesian components. The scalar fluctuatiah is

Most studies of the viscous-convective subrange have fo=® ~(©) and we can define the Eulerian scalar covariance as
cused on the spectral form E@) and have not addressed in (6(x,t)6(x+r 1)), which can be written in terms of the scalar
detail the corresponding logarithmic form E®) for the  Spectrum as
structure function. " i

As a consequence of E¢l) Batchelor also noted that at (B, D O(X +1,1)) :J ¢3(k)eik-rd3k:J ¢(k)s'” krdk,
sufficiently large Sc the scalar variance is dominated by the 0 kr
contribution from scales within the viscous-convective sub- (4)
range and is of order

where ¢5 is the three-dimensional scalar spectrudik)
=4mk2¢4(k), and the scalar variance is given by
and the time taken for a stationary state to develop with this B
variance is of ordefr/¢)2 In Sc. _

The work we present here is as follows. From an Eule- (= JO (k. ®
rian view point, in Sec. Il we emphasize the role of matching
the scalar spectrum across the inertial-convective andhe scalar dissipation is
viscous-convective subranges, thus relating the Obukhov— X
Corrsin constant in the inertial-convective subrange, the _ d0 _ - 5
Batchelor constant in the viscous-convective subrange, and X~ 2K<<a_><i) > - ZKL ¢llokdk. )
the wave number at which the two subranges match. We also
discuss the more complex matching terms required for the ~The transport equation for the scalar variance,
structure function. Our exact Lagrangian analysis in terms of
molecular trajectories for the case of a uniform mean scalar @ -
gradient in stationary isotropic turbulence is presented in at
Sec. lll. It enables us to derive all of Batchelor’s results S ] o
directly in physical space and to provide a precise connectio@!lows the est|_mat|on of the st.atlonary rate of d|SS|p§1t|on of
between the Batchelor constant and the Lyapunov exponeif@lar fluctuationsy at large times as a balance with the
for pair separation in the dissipation subrange. In Sec. IV wéroduction of fluctuation®=—2m(6w),
reanalyze direct numerical simulatiofdNS) results and
present them in a form suitable for testing the predictions of X~ 2m(ow) = 2P (t— =), (8)

the theory in physical space. Finally in Sec. V we discuss thg,,q o k¢ IS the turbulent diffusivity. We could regard the
significance of Batchelor’s results, and of our analysis, inrelation(&w):—xtm used in Eq.(8) as a definition of the

terms of both the explicit molecular corrections embodied inturbulent diffusivity, but we will define it more precisely in
Egs.(1)—«3), and perhaps more importantly, in terms of the Lagrangian terms i,n Sec. Il

so-called marked fluid particle limit, in which scalar statistics We define a turbulence length scale Ibyofvls Where

are related to_ t_he dlsp]acement statistics of ﬂu'd. paf“c'e%w is the velocity component standard deviation. This turbu-
with no explicit consideration of molecular diffusion.

: . - lence length scale is related to the Kolmogorov and Batch-
Marked fluid particles are often used for descriptions of g g

. . ! elor length scales b
transport in turbulent flows on the basis that details of mo- g y

lecular properties can be ignored in the limit of extremely n=(Flg)Y4= L Re3 (9)
large Reynolds number. While widely acceﬁt%@the stan-

dard explanations for marked fluid particle representations océnd

scalar mixing rely on heuristic argumerts’> Here we have

an explicit demonstration of the nature of the singular limit  7s = (k’v/e)¥*=L Re34Sc 12, (10)
xk—0.

(6% = 1B,x(vle)" In S, 3)

P—x=-2m(ow) - x, ()

where Re=r, L/ v is the turbulence Reynolds number, which

for isotropic turbulence is related to the commonly used Tay-
Il. EULERIAN ANALYSIS lor scale Reynolds number Rby Re:Ré/15. Correspond-
ing to the turbulence length scale we can also define a

time scaIeTE:L/aW:ofV/s, which is related to the Kolmog-
Consider a stationary homogeneous scalar fluctuatioprov time scaletﬂz(v/s)l’z by

field generated by turbulence acting on a uniform mean gra-
dient of scalar{®(x,t))=mz Note that we use both compo- t,=TeRe 2 (12)

A. Preliminaries

Downloaded 15 Dec 2004 to 138.194.15.102. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



3890 Phys. Fluids, Vol. 16, No. 11, November 2004 Borgas et al.

(a) ol the extent of the inertial-convective and viscous-convective
b subranges, and we have assuméd behavior for the large
i . ~
logd| %2 g scales. It follows from matching these two subrangéssmt

i that B,=B,a 23 Thus, not surprisingly the location of the
crossover between the inertial-convective and viscous-
convective subranges is determined by the ratio of the Batch-
elor constant and the Obukhov—Corrsin constant. We defer
consideration of the numerical value afto Sec. IV where

Viscous- we estimate the Batchelor constant from DNS results.

diffusive

Inertial-
convective

Viscous-
convective

ang

C. The scalar variance

logk
The scalar variance in terms of the piecewise continuous
spectrum is given b
® o] [ p g y
<(A,0)>> i al™t
il /’ <02> - BHXS—IISa—ll/q_llIBJ kzdk
r2/§’ 0
m ’/ A -1 ~ -1
W an ~ an,
= +Byye 12 f K5+ By (ve) 2 f ® K ldk,
lnr/,/" al™l &7]_1
Ma /,/ (13
»2 l/"
Togr where we have neglected the contribution from the tail be-

yond k=ngl. Evaluating the integrals in E¢13) we have

FIG. 1. Schematic piecewise continuous representatidashed linesof <02> — l—lBHX8_1/3a_2/3L2/3— §B(9X8_1/3&_2/3772/3
6 2

(a) the scalar variance spectrum atlg) the scalar second order structure

function. In(a) the “actual” spectrum is shown schematically as the solid ~ 1P e g 1~ 12
line. +Bgx(vle)"In(ala) + 5Bgx(vlie)”In Sc (14)

which reduces to Batchelor’s result, E8), in the limit Sc
—oo at finite Re. We can nondimensionalize the variance

using the scalar dissipation and the turbulence time scale,
The form of the scalar spectrum is well known in a num-

ber of wave number ranges. In the inertial-convective sub- @ =
range L"1<k< 71, we have the familiar resdft>* ¢(k) XTe
=B,xe Y% %2 where B, is the Obukhov—Corrsin constant. 1=
In tohe viscous—convectoive subrange we have Batchelor’s re- +2BRe Y sc, (15)

sult and in the viscous diffusive subrange whefg>1, the  \yhich shows that at large Re the In Sc term can only be
spectrum falls off faster than algebraically. At large scalessjgnjficant for extreme values of the Schmidt number. How-
such thak <L the form of the spectrum is less certain, but gyer. if the Reynolds number is low and the Schmidt number
there IS _some basis for a power-law foritk) ~k" with n s high, as can be the case in laboratory systéihere can

=2 or 47 We will see that our results are not very sensitivepe 5 significant practical effect on the variance due to the
to this uncertainty. Strictly these various subranges exist iRy cture of the scalar field at very high wave numhele
statistical equilibrium only if(i) the Reynolds number and {4 the so-called filaments and sheet/e show in Sec. IV
Schmidt number are large enough) there is a sufficiently  at significant perturbations may be observed if measuring
large amount of variance in the large-scale subrange(iand jnstruments are able to resolve higher and higher wave num-

sufficient time is available to transfer scalar variance t0 thg,ers, However, in the limit of very large Reynolds number
smallest scales. The latter two conditions are satisfied in thgere s virtually no net effect on the estimate of scalar vari-

stationary statéwhen production equals dissipatioor sca-  ance for practical diffusive substances and for finite Sc the

lar fluctuations in a uniform mean scalar gradient. variance asymptotes to a constant value given by the first
We can write down a simple piecewise CONtinUOUS rePyerm on the right( %),/ xTe = 2B,a~2. This determines the

resentation of the behavigillustrated schematically in Fig. 1 mpera. Note that the integration of the inertial-convective

L@] as subrange spectrum, i.e., the second term in(E8), contrib-
Boxe Yo V32 0<k=al™ utes 3/2 of the factor 11/@.e., over 80% of this asymptotic
variance. Had we chosen k& behavior for the low wave
~ number spectrum, the factor 11/6 would have been 17/10,
Box(ve)kt, apt<k<Tang' which differs by less than 10% and would simply be re-
(12) flected in a slightly different value for the constant
The scalar dissipation rate can be calculated in spectral
where the numberg, a, anda are constants which reflect terms as 2[3k?*¢(k)dk and in the case of large Sc and finite

B. Piecewise continuous scalar spectrum

UByxa??- 2B,a"2PRe Y2+ B,Re YA (w/ &)

H(k) = Boxe Yk, allsk=ay?

<Ck"On>0 ang <k,
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Re can be estimated from the dominant contribution in thdll. SCALAR FLUCTUATIONS AS A LAGRANGIAN
viscous-convective subrange, i.e., from the third line of EqPROCESS

(12), to give A. Overview
~ -1
o= ang =y We now switch to a Lagrangian perspective of the scalar
X_ZKBHXt’JO kdk= xBya”, (1) mixing process in which scalar concentration statistics are

determined in terms of the displacement statistics of marked
which relates the cutoff to the viscous-convection subrang@artides?7 Since this approach will be unfamiliar to many
to the Batchelor constant througﬁsbazzl. Thus we have readers, we first outline briefly the important concepts.
estimates for all the numbers determining the extent of the The theory is based on the displacement statistics of par-
inertial-convective and viscous-convection subranges iriicles which move under the combined influence of the fluid
terms of the Obukhov—Corrsin and Batchelor constants anthotion and molecular diffusion according to the Ito stochas-
the large-Re limit of the scalar varian¢é?)... tic differential equatiof?

D. The spatial structure function dx = ui(x,u,dt + V2xd W, (22)

The two-point structure function in physical space is'WheredW is a vector incremental Wiener proce8Equa-
nontrivial in the viscous-convective subrange. We noted irfion (21) describes the trajectory of a marked molecule, or
the Introduction that a naive dimensional argument implieltérnatively the locus of the set of fluid elements which
that the structure function is constant there, but BatchelofOntain the marked molecule. Note that we do not use sepa-
showed that it has the logarithmic form E@). This can be rate notations for Eulerian and Lagrangian quantities, relying
derived from the Fourier transform of the' spectrum suit- N the context, and where necessary explicit use of the time
ably truncated at wave numb@nz>. Details are given in the &rgument, to identify Lagrangian quantities suchxés. If
Appendix. we average over the molecular motions for a single realiza-

Adding the well-known behavior at very small scales tion u® of the flow field, then the displacement statistics
r < 7, in the inertial-convective subrangg<r<L, and at  Salisfy the Fokker-Planck equation
large scales>L, we can construct a matched piecewise  jpe LIPY PP

continuous approximation for the structure functiphus- It Ui Ix =K PR (22
trated schematically in Fig.(h)] of the form ! !
1, 9 2 ~ which is identical in form with the scalar conservation equa-
ai(tnf Ing, 1 <"ymg tion for incompressible flow. Thus for the initial condition
(8,6 = 2Bgxt, In(rﬁ/nB)+%Xtﬁ2, Y =I<7ynp P“’(x_,t’;x’,t’):é(x—x’) on Egs.(21) apd (22) there is a N
r - o2 +C0xs‘1’3(r2’3— P28 p<r <ol precise corre_spondence between the dlsplac_ement probability
“, ' density function(PDP P“(x,t;x’,t’) and the instantaneous
200, W=, scalar concentratio® for an instantaneous point source of
(17) unit strengthS(x,t) =8(x—x")8(t-t’). Since Eq(22) and the
scalar conservation equation are linear, we can generalize
where this equivalence to an arbitrary source distributir,t) to
2= Byxt, IN(577) + Byxt, In Sc+2xt, 7 g IV€ t
and O(x,t) =f f Pe(x,t;x’,t")S(x’,t")dx’dt’. (23
VJ—x

202 = 26P) = C e V3 (123123 - 5213,213) 4 0.'2( (19)
- & v 7 We can then average over the flow field to calculate the
The Obukhov—Corrsin constant in the structure functionrmoments of the scalar field in terms of the PB§, t;x’,t')
is related to the corresponding spectral constant C,/B,  for displacements due to the combined effects of the flow
=0.9'(1/3)=2.41. As we foreshadowed in the Introduction, and molecular diffusion. Specifically we have
the matching corrections are more complex than for the spec- .
trum. _ _ O(x.t) :f f P(x,t;x,t)S(X’,t")dx'dt’ (24)
Comparing Eqgs(19) and (14) for the scalar variance vJ e
(based on the structure function and the spectrum, respec-
tively) term by term, we can relate the numbersy andato ~ and

v,y and?, respectively, with the result O (%3, 1) O (X 1)
ay=(5B,C,)%?~2.99, (o
[ Pttt
&y=ay=(3B4C,%2~ 1.39. (20) VAV e S
Note that the ternfxt, 3 in Eq.(18) corresponds to the X SXq, 1) S0 ) Xty dt. (25)
spectral integration over the tail beyokdc'&r;gl which we There are corresponding expressions for higher order
neglected in Eq(14). moments but Eqg24) and(25) are sufficient for our present
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purpose which is to calculate second order statistics of théhe time difference and so are the same as the corresponding
scalar fluctuations. Equatiorf®4) and (25) are cast in the quantities at timed for particles which were at=0 at time
so-called forward dispersion formulatigmecognizing that t=0.

t=t', t;=t;, andt,=t;), but we will use the backwards Similarly, we can estimate the scalar covariance by con-
formulation obtained from Eqgs.(24) and (25 by  sidering the backwards dispersion of pairs of particles which
substituting the relationshipsP(x,t;x’,t")=P(x’,t";x,t)  are at separate receptor poirtendx+r at timet,

and Px X Xy, 1. X5, 1) = P(xi,ti,xzég, t2i %y, 1. X2, ) (Bx) 6(x + 1)) = mXZYZ?)|x,x + 1)

which are valid for incompressible floW.“” The advantage
in using the backwards formulation is that the concentration =mX2) - smXrdr), (27)

moments are then given as averages of products of the sourc : .
distribution over the backwards displacement PDF. Wihere by homogeneity there is no dependence and the

.. single particle dispersion for each particle is identical.
The key to the exact results that we present below is the gep P . | partic
The scalar production and dissipation can also be ex-

fact that the connection between marked particle displace- . . . . .
: . . : pressed in Lagrangian terms. Differentiating Eg6) with
ments and the concentration variar{oe covariancgis par-

. . . X : respect to time we have
ticularly simple for an instantaneous uniform gradient source

in stationary homogeneous turbulence, since as we show in
Sec. Il B it involves only the difference between the disper-
sion of independent marked particles and half the relative
dispersion of pairs of marked particles. At large times these = 2m2( (1) + K) — 1m29<r2>
two dispersion quantities are equal to the diffusion liméft2 2dt
wherek, is the turbulent diffusivity, at leading order. Thus in

E _ 22 _1 29 2
dth) -m dt<22> oM olt<rZ>

X - . > 129 5
order to calculate the stationary scalar variance and covari- =—-2m(wé) + 2m°k — 5m d_t<rZ>' (28)
ance at large times we need to consider the next order con-
tribution to the pair dispersion. where by definitionik,=3d(z%)/dt-« is the turbulent diffu-

Now we will show that for sufficiently large Schmidt gjyity Comparing Eq(28) with Eq. (7) for the scalar vari-
number and sufficiently small initial separation the relativeance in homogeneous turbulence, we identify the first term
dispersion remains “trapped” within the dissipation subrangey the third line on the right-hand side with the production

for a long time, thus essentially introducing a large lag timeterm, so it follows that the scalar dissipation is given by
into the relative dispersion diffusion limit, so that the next

order contribution can be deterr_mnec_i in te_rms of this I_ag. I_n x= %ng<r§> — o (29)

Sec. lll C we calculate the relative dispersion exactly in this dt

trapped phase and so are able to calculate the lag time ex-

plicitly, thus giving the leading estimates for the scalar vari-

ance and covariance in Sec. lll D and Il E. In so doing, we

relate the Batchelor constant to the Lyapunov exp(fﬁéot The results given by Eq$26)—(29) are exact at all times

the dispersion of pair trajectories in the dissipation subrangdor an instantaneous uniform gradient source in stationary
homogeneous turbulence. We now turn to the calculation of

B. Scalar variance and covariance in terms of marked these quantities using the exact equati@h) for molecular

particle statistics trajectories which can be solved formally in kinematic terms,

To estimate the scalar variance at a point for a uniformand explicitly for relative motions within the dissipation sub-
gradient source switched on at tirte0, S(x,t) =mz3(t), we range. We will focus on the large-time stationary state for the

have, using the backwards versions of E@d) and(25)283  Scalar statistics.
g Hias) (29 Equation(21) gives the displacement of a single particle

(6% =mXZV22|r =0) = m?((2) - 3(r4r=0)). (26)  along its trajectory. For the separation of a pair of particles

. . _ _ r=x(t)-x@(t) we have
In this relation the Lagrangiancoordinates of the back-

wards displacements from the receptoe., the positions at dr; = [u(x¥, 1) - u,(x@, ) ]dt + VaxdW", (30)
time t=0 relative to the receptor at tintg of a pair of par-
ticles are labeledZ? and Z?, respectively. The average
(ZV7?) represents the covariance of the backwazddis-
placements of the two particles at tieO given that both
particles arrive at the receptéwhich by homogeneity we
can take to bex=0) at timet. Similarly, (z°) is t2he sin%Ie
particle dispersion for both particleg.e., (zV")=(z?") T U L

=(z% by homogeneity and (r|r=0)=((ZY-2?)?|r=0) is 5% (t)>—2f0 fo RV e + 2, 3D

the relative dispersion for the pair of particles. Our notation

emphasizes that the relative dispersion depends on the seprahereR(Lm)(|t’—t”|):%<uj(t’)uj(t”)> is the Lagrangian covari-
ration at the receptor. In stationary homogeneous turbulencance of the fluid velocities at two times along the trajectory
these dispersion quantities depend only on the magnitude @ff a molecule. The superscri@rh) emphasizes that this is not

C. Molecular trajectories

where dW®=(dW®-dwW®)/\2 is also an incremental
Wiener processsince the molecular motions of each particle
are independept

Now we can solve Eq(21) to give the single particle
dispersioft’
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the same as the velocity covariance at different times along t _ -
the trajectory of a fluid particle moving without the influence J S(t')dt’ =st+gut, (37)
of molecular diffusion. 0

It follows from Eg. (31) that for large times the whereg is a Gaussian random variable with varianget,,.

z-component dispersion is The different realizations of the trajectorigd)(t) sample the
Gaussian distribution of the variabte so the average over
(Z) =2kt +2xt, t>T", (32) trajectories corresponds to averaging ogewhich leads to

t
where KtzofvT(Lm) is the turbulent diffusivity andl'f_m) is the <eXp<2j s(t’)dt’)>
Lagrangian integral time scale for velocities along the mo- 0

lecular trajectory. Again, this is different from the Lagrang- 1 o _ e

ian integral time scale for fluid trajectories. We note as an = —f exd 2(st + g\’t)]exp<— 5 )dg
aside that for arbitrary times the turbulent diffusivity is V27,05 ) 2oty
obtained by differentiating31) with respect to time to give = ex (Z5+ ,Bcrét,])t], (38)

k=32 dt- = [SR™([t—t’|)dt’.

We cannot solve the separation equation exactly in genso finally we have
eral, but an exact solution is possible for separations which 6x
are much smaller than the Kolmogorov scale. Then the ve-  (r?ro) =rj5 exp(Z8t) + —[exp(%t) - 1]
locity field can be regrisented locally as a uniform gradient S
and Eq.(30) becomes _ <r§+ %)exqﬁt). 39

=a.(x® . (A r) <

dr;=ay (¥ Orydt+ VARdWY, <7, 33 The quantityS=2s+ o2, is positive and in the limit of in-
finite Schmidt number is known as the Lyapunov exponent,
an intrinsic Lagrangian property characterizing small-scale
turbulence?’ Note that both the Lagrangian mearand the
fluctuations ins contribute to the growth irr2).**

It is clear from Eq(39) that we can keefr?) < 77 for an
arbitrarily long time by making, and « suitably small. Un-
der these circumstances the assumptions underlying Egs.
(33) and(37) (i.e., that(r?)< »? andt>t,) are satisfied, so
Eqg. (39) is an exact result and we can use it to study the
small-scale properties of the scalar concentration field at
d large Schmidt number through Eg6) and (27). It is a
—(r9=25(r|9 + 12«, r <7, (350  simple explicit result which is a special case of the more
dt formal and complex results described by Balkovsky and

. . . _ __ Fouxort® and Falkovichet al?’
which after integration and then averaging over the trajecto-

where a;;(x,t)=du;/ dx; is the velocity gradient tensor and
r2=r,r;. Using Ito’s rulé® we have

dr? = 2r2sdt+ 12xdt + 4rVkdW®, r < 7, (34)

wheres=gs;e;, dW©=gdW", ande=r/r is the unit vector
in the direction of the separation. For a fixed histdy
={s(t)|te[0,)]} of s, i.e., for a given molecular trajectory
xD(t), we can average over the white nod&/© to give

riesx!(t) gives D. The concentration variance for large Schmidt
. number
rrg) = r§<exp<2f s(t’)dt’)> Suppose now that the Schmidt number is very large and

0 the separation of the receptor points vanishgs0. We see

t t from Eq.(39) that the particle pair separation process is very

+ 12KJ exp(Zf s(t”)dt”) dt’, (36) slow to get going and it takes a time
0 t’
1~ 2
t.==3 “n—L_ ~ }~s‘1ln Sc (40

wherery<< 7 is the initial separation of the pair of particles

2 6kIS 2
and our notation emphasizes the dependence on the initial . . .
separation P P ?or the separation to grow to a size of ordgri.e., when

Now, the velocity gradient is correlated over a time 0f<r2(tK)||:0:O.>:772, where we have ‘j'se’a:ﬁ(gl”)llz in the
ordert,, so for long times such that-t,, the time integral ~ @Pproximation on the right-hand side since as we have al-
Jis(t’)dt’ can be approximated as the sum of a large numbeféady noted the strain rate is of ordgt=(e/1)"2. Note the
N=t/(Bt,) of independent random variates, wheseis a arbitrariness of the scale of orderdoes not affect this esti-
constant of order one. Thus as a result of the central-limifnate fort,, since growth to a siz€» merely adds a term
theoreni? the integral itself is a normally distributed random S~ In C which is negligible in the limit of large Sc, and we
variable with meanst and variance oit,t, where's  have ignored aterr§s ~ In /6 for the same reason. During
=lim_..(1/t) [§s(t')dt” and o is the standard deviation ef  this long time for which<r§>:§<r2> remains small, the scalar
Thus for any individual trajectory?(t) the integral is given  dissipation Eq(29) is negligible, but the production of scalar
by variance is unaffected and the fluctuations grow with the
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one-particle displacemefir?), representing production with 1., 7
negligible dissipation. The time scate can also be inter-

t =3
preted as the time taken for the scalar variance to cross the

INn————, 45
o 2 ra+ 6kl 49
spectrum from the production scales to the dissipative scaléghich is smaller than, in Eq. (40) because of the nonzero

and can be estimated in a way analogous to Lumféyal- initial separation,. As in the preceding section we then have
culation for the turbulence spectrum. the relative dispersion piecewise continuous approximation
In thg Iong—time Iimit,tétK>T(L'T‘) thg single particle dis- %nzexp{ZE(t ~t)], t,<t=<t,
persion is given by the simple diffusion result §§2) at (rrg) = 0 0 (46)
i i i PO anlt -t )+ 12, t=t
leading order and the scalar variance thus grows like ki ro) 3, =1
(67) = 2mPiit (41)  Now, from the second lines of both Eq®6) and (27) we

indicating that the fluctuations will grow without bound if have for the structure function

the relative dispersion is always negligible. But this can only ((Ar00)2> = 2(6%) — 2(0(X) 6(x + 1))

be true for a finite time and the estimate of the time scale for o, o

the equilibration of the variance is the critical aspect of this =(rlro) = (r3lro=0). (47)
problem. Substituting Eqs(42) and (46) gives the steady-state struc-

For times larger tham, relative dispersion proceeds un- yyre function in the long-time limitt>t,>t, )
der the influence of inertial-convective subrange eddies and 0
ultimately the energy-containing eddies, so that eventually (Ar0)% = dmPiit, — AmPrity
the pair separation is a diffusion process too, wdt@) 7 2
~4k(t-t,), where the lag, reflects the fact that negligible =x3tIn—-y31 InzL,
separation occurs over this time. This represents a model for 6x/3 o+ 6x/S
separation behavior that has effectively negligibly smallwhere again we have used E§) for the scalar dissipation in

separations within the dissipation subrange for all times lesge stationary state. In the limit < 75 \«/3 we have
than the critical time scalg, but with linear turbulent diffu-

sion fo_r rapid pair separation after the cnpcal time. N(_)te that <(Ar00)2> - irg, ro< 78 (49)
the pair separation cannot be more rapid than the indepen- 6k
dent one-particle turbulent dispersion. The transition regim(?N
between these two distinct behaviors occurs on the relativel
small time scale measured B')E") with details that do not
affect the leading order scaling results.

A piecewise continuous match to E®9) gives the use- <(Ar00)2> = ZXEatn|n(rdUB), p<rg<7 (50)
ful result

(48)

hich is exact and is equivalent to the first regime of the
Yesult Eq.(17) derived from the Eulerian spectrum.
For ng<<ry< 7 EQ. (48) reduces at leading order to

which is equivalent to the second regime of Ebj7).
IPexdB-1)], t,<t<t,,

2
rsro=0)=
(r2lro=0) bi(t—t) + 377, t=1t,.

(42

IV. DNS RESULTS
We obtain an accurate leading order estimate for the station-
ary scalar variance fot>t, by substituting Eq.(32) (ne-
glecting the molecular diffusion temand the second line of
Eq. (42) in Eq. (26) to give

Scalar concentration statistics for a uniform gradient
source in forced isotropic turbulence have been reported
recently>*°*>Other works deal with an isotropically forced
scalar field or with a decaying scalar field in decaying

(%) = 2mPxit, =~ kS ~Yn Sc turbulence’’ Here we use results reported by Overholt and
L~ Pope‘,15 and a reanalysis of data reported by Yetemgll.s’4 in
=32xBt, In Sc(Sc— «), (43)  an attempt to test the theoretical estimates presented in Secs.

Il and Ill. We focus on the nature of the structure function in
the viscous-convective subrange and on the dependence of
the scalar variance on both Re and Sc.

Figure 2 shows a reanalysis of the normalized second
By,=581, (44)  order scalar structure function from the results of Yewg

al®at R =38 and of Yeungt al* at Rg =8. In both panels

thus relating the Batchelor constant, a parameter of the Eust e figure the data collapse to the exact quadratic results
lerian scalar variance spectrum, to the Lyapunov exponent.Eq_ (49) for r/ 7z < 3. The log-linear plot shows the viscous-

convective subrange as a linear region that extends to larger
scales with increasing Sc. In Fig(a for Rg, =8 the lines
extend up to Sc=1024 at grid resolutions from 128512
For nonzero initial separations much smaller than theand show an increasing tendency to collapse onto a common
microscalez, there is also a long-time dispersion regime forline with increasing Sc. For Sc=64 the curves at®a8d
which the pair separation is small and we find from Bf) 256’ resolution agree fairly well, but there is an offset for the
that the separation is of order after a time curves at 256 and 513 resolution for Sc=256, probably

where we have use@) for the scalar dissipation rate in the
stationary state. Comparing E3) with Eq. (14) we see
that

E. The concentration structure function for large
Schmidt number
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50 —— T TABLE |. Transition numbers quantifying the extent of the inertial-
40 ) //' 1 convective and viscous-convective subranges.
8: 30 - - &~ Na % . ¥ B a=(%85§§;’5
% I =(By/By32 =B;*? =(3B,/IC,)¥a =(3B,/ICo¥¥a  I{f).)
§: 20_‘ ] 0.049 0.45 28 3.1 2.9
10+ / -
0- RN |'.‘|’4{||| IR B RN R T
0.1 1 10 100 1000 inertial-convective region is completely absent at the Rey-
ring nolds numbers of Fig. £cf. the schematic in Fig.(b)].
Both the fits in Fig. 2 have high precision, but it is likely
S0 e that the coefficients, particularly at Re8, are subject to
40 | ® - some uncertainty associated with the limited sampling avail-
S: - ] able in the relatively short runs at the highest resolution.
& 30_‘ 7] According to Egs.(17) or (50) the slope of the viscous-
% 20+ . convective region in these log-linear plots is equalﬁg,zo
v 10'_ ] from the fits in Fig. 2 we estimaféng. Also from Eq.(17)
- % . we have the theoretical estimate B4t In(3/)+éxt,5/2 for
o 1' """1"0 = 1(')0 T the constant offset in the fits in Fig. 2, which we can calcu-
’ ", late once we have determined a value for the matching con-
stanty.
FIG. 2. Scalar structure functiofA, 6)?)/xt, as a function of / 7 for (a) From estimates for the Batchelor constant and the

geﬁei a;ggromdtgeS EE)ottorr) 2%;: 3,(4, 8,) 16, dSZS 642%2 asﬁﬁrid é- '1'(')'2'11' Obukhov—Corrsin constafd, we can evaluate the numbers
C= y , an ona d(---),an c= y , an on »~ ~ =~ ~ H H H H
a 512 grid (—) and(b) Re, =38 and(from the bottom Sc=1, 4, 8, and 16 @ & ‘y’. andy which .determme the limits .Of the VISCQUS_
on a 256 grid (- - -) and Sc=16, 32, and 64 on a S1grid (—). In both  CONVective subrange in spectral and physical space in Egs.
panels, the straight dashed line is the function (r/7g)+b fitted to the ~ (12) and(17), respectively. Table | summarizes the values of
highest Sc cgrve over the near-linear range in the plot and the concave-Up nca numbers Corresponding E@:S with B,=0.67 (Ref.
dotted curve is the functloé(r/nB)z. _ . ~_ o

46) and C,=1.61. Using the valug/=3.1 we find that ac-

cording to Eg.(17) the constant offset in the viscous-

convective subrange is —9.7, about 40% lower than the fitted
because the large scales are less well sampled in the high@dlues from Fig. 2. This discrepancy is probably due to the
resolution run where computational expense limits the periogack of a well-resolved inertial-convective subrange at these
of the integrationsee also the discussion of Fig. 3 bejow |ow Reynolds numbergsee below:
The straight dashed line is the function 10.2rfmg)-16.7 From Table I, we expect the transition from the quadratic
with coefficients determined by a fit to the Sc=1024 data forresu“ Eq.(49) to the viscous-convective Subrange to occur
10=<r/7g=100. The same behavior is observed afR&  near r/73=3.1 and if the Reynolds number were high
in Fig. 2b), but there results are available only fosBc  enough the transition to the inertial-convective subrange
<64. In this case the fitted line is 10.1(n/75)~15.9. The  would occur near/»=28 or equivalentlyr/ 7g=28 S&'2
manifestation of the viscous-convective regime in these plotajthough the Reynolds number is not high enough to display
seems to be much clearer than occurs on the correspondiig inertial-convective subrange in Fig. 2, and therefore the
spectral plots seeking to display the! behavior*® The  |arge-scale end of the viscous-convective subrange is trun-
cated by the energy-containing scales, the large value of the
ratio ¥/ means that the extent of the viscous-convective
subrange tends to be an order of magnitude larger than the
simple estimatey/ 7g=Sc"2. Furthermore, although the re-
sults for Se=1 do not collapse onto the limiting line, the
increased separation of scales implied by theatio means
that there is still a tendency to show an incipient linear
viscous-convective region in these plots, more so for the
higher Re case in Fig.(B). This increased separation of
scales, represented in spectral terms by the fatie, also
i L explains the “spectral bump” observed in compensated spec-
20 30 5 400 200 300 tral plots at Sc=1(see, e.g., Fig. 1 of Yeungt al.3) as the

Re, onset of a viscous-convective region.

6. 3. Nond onal scal _ function of Reviold ) We now turn to the concentration variance as a function
e et o pa 01 Schmidt number and Reynolds. number. In_particular
Yeung et al. (Refs. 3 and % (M). The solid line and dashed lines are the SINCE We now have estimates for the Batchelor constant, the
functions 0.61+6.5 R@ and 0.61+10 Rg, respectively. Obukhov-Corrsin constant and the transition numbers, we

-
o

w
L LI ]

<03/XT,

0.1

=T
o
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TABLE II. Turbulence and scalar variables calculated from the DNS runs of Yetiag) (Refs. 3 and %

Re, Sc Grid X t, K £ (6%

8 1 128 2.08 0.240 2.13 2.76 1.68

8 128 2.33 0.240 2.13 2.76 3.21

8 8 128 2.36 0.240 2.13 2.76 4.11

8 16 128 2.40 0.240 2.13 2.76 5.01

8 32 128 241 0.240 2.13 2.76 5.96

8 64 128 2.39 0.240 2.13 2.76 6.93

8 64 256 2.25 0.243 2.07 2.73 6.50
8 128 256 2.24 0.243 2.07 2.73 7.45
8 256 256 2.23 0.243 2.07 2.73 8.40
8 256 512 2.47 0.24 2.12 2.80 9.88

8 512 512 2.45 0.24 2.12 2.80 10.91
8 1024 512 2.43 0.24 2.12 2.80 11.94
38 1 256 2.50 0.094 3.78 2.80 2.05

38 4 256 2.72 0.097 3.76 2.68 3.09

38 8 256 2.73 0.097 3.76 2.68 3.58

38 16 256 2.73 0.097 3.76 2.68 4.09

38 16 512 2.74 0.096 3.96 2.75 4.06

38 32 512 2.73 0.096 3.96 2.75 4.58

38 64 512 2.73 0.096 3.96 2.75 5.12

140 0.125 256 1.95 0.049 3.09 1.18 1.64
140 1 256 2.00 0.049 3.09 1.18 2.19

240 0.125 512 3.27 0.03 3.35 1.24 3.22
240 1 512 3.30 0.03 3.35 1.24 3.73

390 0.125 512 2.46 0.0185 3.58 1.29 2.66
390 1 512 241 0.0185 3.58 1.29 2.89

can explicitly test the piecewise integrated estim@dt® for  (51). Again this discrepancy is probably due to the lack of a

the scalar variance. well-resolved inertial-convective subrange at these low Rey-
For the values ofa and @ given in Table | Eq.(15) nolds numbers. There is consistency between the data of
becomes Overholt and Pope and Yeurgg al,, with the latter lying a
@ 4 little higher on the plot at low Reynolds number, due to the

= 4By 3+ 0.71\'T5~B(9Re;1+ %\rTSﬁgRe{l In Sc. effect of the term involving the Schmidt number in E§1).
Thus, the dashed line in Fig. 3 is derived from the solid line
(51)  simply by subtracting the term involving the Schmidt num-

With B,=5 the coefficient of the combined Reterms in Eq. ber %\"1530 Re'n 0.7=-3.5Rg".

(51) is 10 for Sc=0.7 and 14 for Sc=1. The fitted valug6%)../ xTe=0.61 for the large Reynolds
Figure 3 shows a plot of the scalar variance, nondimenumber limit of the nondimensional scalar variance gives a

sionalized as in Eq15), as a function of Refor the data of value a=2.9 for the number defining the large scale limit of

Overholt and pop“é at Sc=0.7 and for the data from the the inertial-convective subrange. Thus we can estimate the

DNS runs of Yeunget al® at Sc=1, summarized in Table 1l. €xtent of the spectral inertial-convective subrange as

Note that for the Overholt and Pope data we have double@? /aL™'=1.7x 1072 R, so that the inertial-convective

their quoted values foy to bring them into line with the subrange disappears completely for, R&0. This is consis-

definition Eq.(6) used here. We also estimatgcseparately —tent with DNS results shown as a compensated spectrum plot

using their data for the scalar flux and the relation @), in Fig. 1 of Yeunget al® About half of our Fig. 3 is for

anticipating that the flux is more reliably sampled than theRe, <60, so the discrepancy with E(p1) is not surprising.

dissipation itself. There are thus two points plotted in Fig. 3lt is perhaps encouraging that a simple parameterization de-

for each run reported for their data, although the differencescribes the data so well.

are only significant at the largest Reynolds number which is  In Fig. 4 we show the nondimensional scalar variance as

for a single realization and where the point calculated using function of Schmidt number for the data of Yeuetpl? at

the direct estimate fox lies below the trend line. The solid Re =8, Yeunget al®at Rg =38, 140, and 24Q0summarized

line in Fig. 3 is the function 0.61+6.5 Fg’e which is a good in Table Il) and Overholt and Poﬁ%for various values of

fit to the Overholt and Pope data, but the coefficient of theReynolds number at Sc=0.7. The solid lines have been plot-

Re;1 term is about 60% smaller than our estimate from Eqted using the function

XTe
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12 e (6%)..] XTe=0.61 for the variance. This is equivalent to the
value Ky/e(#?).,~2.5 for the commonly used mechanical-
to-scalar time scale ratio, wheke is the turbulence kinetic
energy, and is thus consistent with an earlier anal{si$
some of these data. The dependence of the data for the vari-
ance on Schmidt number on the other hand agrees very well
with the spectral integration using the values of the Batchelor
constant estimated from the structure function. We have thus
Q= vl vl 4l demonstrated a consistent picture for these related, but dif-
0.1 1 12,0 100 1000 ferent, scalar statistics.

The piecewise continuous representation of the scalar
FIG. 4. Nondimensional scalar variance as a function of Schmidt numberspectrum also enabled us to quantify the extent of the

The symbols are for DNS data of Yeusgal. (Ref. 4 at Rg =8 (%), Yeung  jnartigl-convective and viscous-convective subranges, in
et al. (Ref. 3 at Rg =38 (@), 140(M) and 240( 4 ) and Overholt and Pope ges,

(Ref. 45 (A) for various Reynolds numbers and Sc=0.7. The solid lines arebOth spectral and physigal space, in terms of the values taken
evaluated from(52). for the Obukhov—Corrsin constant, the Batchelor constant

and the asymptotic scalar variang#)... We found that the
viscous-convective subrange is an order of magnitude wider
(&) =0.61+10RE + %E(,\E} R& In Sc (52) than the simple estimatg/ =S, and that the inertial-
XTE convective subrangén spectral termpis two orders of mag-
o~ _ _ nitude narrower than the simple estimatép=Re¥* and is
with B,=5. Thege lines are thus constra!ned to pass thr(_)u_ggompletely nonexistent for Res 60.
the corresponding data for Sc=1, consistent with the fit in We also carried out an exact Lagrangian analysis of the

Fig. 3. For moderate values of the Schmidt number the IIne§calar variance and structure function, explicitly relating the

defined by Eq(52) lie above the data, more conspicuously

i . Batchelor constant to the Lyapunov exponent for the separa-
so at Rg=8 but the data and the lines appear to be converg- : : : L o
N _ . . tion of pairs of fluid particles within the turbulence dissipa-
ing in the limit of large Schmidt number. Notice also the

small offset in the Sc=256 results at the two different reso-tlon subrange. . .
Our results, particularly Eq52) for the scalar variance,

lutions for Rg =8, corresponding to the offset at large scales, ) . e
in the structure function results discussed above for Fig. 2!lustrate explicitly the singular nature of the limit—0. For.
The consistency between Figs. 2 and 4, both in confirming¢ ~ at finite Re the stationary scalar variance is infinite,
the presence of the Batchelor subrange and in the value inUt IS not reached in a finite time. In this case particle pairs
plied for the Batchelor constant, is encouraging. with vanishing initial separation remain together forever and

Figure 4 and Eq(52) quantify the effect of Schmidt there is no dissipation of scalar varian@e the limit) which
number on the scalar variance, showing clearly that at lov@rows indefinitely as in Eq41), i.e., (6?)=2mP«t for large
Reynolds numbers the variance is strongly influenced bjimes. This corresponds to the continual sharpening of scalar
Schmidt number. The effect is dramatic at very low Reynoldsgradients by the stretching and folding action of the turbu-
number, but for Sc=77@salt in watey even at Re=400 lence.

<02>/1T,
o]
I

'S
[

(i.e., Re>10%, which is typical of laboratory systeni§the On the other hand, for Rex at finite Sc the scalar

Schmidt number term adds 25% to the variance. variance is given by the asymptotic val¢é?)., which is
independent of molecular diffusion and corresponds to an

V. CONCLUSIONS inertial-convective subrange extending to arbitrarily small

scales. This is the limit obtained in a Lagrangian sense by the

. We have dgmonstrated thg existence of BatChelqr%ackwards relative dispersion of pairs of fluid particles
viscous-convective subrange using DNS results to confirm

o ._whose separation at the measurement time vanishes on iner-
the logarithmic dependence of the scalar structure function : -

: . : tial range scales while remaining much larger than the Kol-
on the separationfor the scalar field generated by stationary

isotropic turbulence acting on a uniform mean scalar gradi[‘nogorov scale. Through the second term on the right-hand

ent. From these data we estimate the Batchelor constant %de of Eq(13) the inertial-convective subrange of the scalar
take a value of=5 at large Schmidt numbers. By integrating SPEctrum contributes more than 80% of the varia(@.

a piecewise continuous representation of the scalar varianchich thus depends explicitly on the inertial subrange relfa-
spectrum we calculated the steady-state scalar variand®/€ dispersion process.

through Eq.(15) as a function of Reynolds number and For finite values of Sc and Re, the viscous-convective
Schmidt number. Comparison with the DNS results of OverSubrange contribution to the variance can be significant even
holt and Pop® and Yeunget al>* confirms the Rg* behav- ~ at moderate values of the Reynolds number.

ior predicted from the spectral integration, but with a coeffi-  In future work we hope to improve our estimates for the
cient about 60% too small. This may be due to the lack of arBatchelor constant bgi) improved sampling of the existing
inertial-convective subrange at Reynolds numbers lowhigh resolution runs(ii) the use of Lagrangian methods to
enough for the R¢ correction term to be significant. In the calculate the scalar variance and covariance, possibly at
large Reynolds number limit the data give a valuehigher Reynolds and Schmidt numbers than achieved here,
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